
International Journal of Applied Mathematics
————————————————————–
Volume 25 No. 3 2012, 347-356

A NOTE ON UNITS OF FINITE
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Abstract: In this paper we present matrices over unitary finite commutative
local rings connected through an ascending chain of containments, whose ele-
ments are units of the corresponding rings in the chain such that the McCoy
ranks are the largest ones.
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1. Introduction

Let A be a local finite commutative ring with identity. The ring An, with
n ∈ Z

+, being a free A-module preserve the concept of linear independence
among its elements as in the vector space over a commutative field. Though
it is with restriction that an r × n generator matrix M of the module satisfies
the condition that an r × r submatrix of M is nonsingular, or equivalently,
has determinant unit in A. The presence of nonsingular matrices having not
necessary the unit elements is, in fact the main hurdle in working over a ring
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instead of a field. The notion of elementary row operations in a matrix, and is
consequences, also carry over A with the understanding that only multiplication
of a row by a unit element in A is permissable, as against to the multiplication
by any nonzero element in the case of a field. The structure of the multiplicative
group of units of A is the main motivation to calculate the McCoy rank [4] of
a matrix M , that is the largest integer r such that r × r submatrix of M has
determinant unit in A.

In [2], Andrade and Palazzo describe a construction technique of a matrix

M =











α1 α2 · · · αn

α2
1 α2

2 · · · α2
n

...
...

. . .
...

αk
1 αk

2 · · · αk
n











(1)

based on the vector η = (α1, α2, · · · , αn) with αi, for 1 ≤ i ≤ n, are distinct
units in in the ring A such that 1 − αj , for 1 ≤ j ≤ l, are units. By this, one
can obtain the McCoy rank of the matrix M . Whereas the findings of these
types of units is linked with the multiplicative group A∗ of units of the ring A.

In this study we noticed the fact that for a finite local commutative ring
(A,M) there are possibilities that either it has no any proper local subring
or it has an ascending chain of local subrings. Since for any prime p and
positive integer k, the ring Zpk is the particular case of unitary finite local
commutative ring A and of course it does not have any of its proper local
subring. Now, if f(x) ∈ Zpk [x] is a basic irreducible polynomial with degree

s = bt, where b is a prime and t is a positive integer, then
Z
pk

[x]

(f(x)) = GR(pk, s)

is the Galois ring extension of Zpk and
Zp[x]
(f(x)) = GF (p, s) = GF (ps) is the

corresponding Galois field extension of Zp. Every subring of GR(pk, s) is a
Galois ring of the form GR(pk, s′), where s′ divides s. Conversely, if s′ divides s,
then GR(pk, s) contains a unique copy of GR(pk, s′) [4, Lemma XVI.7]. For the
construction of a chain of Galois rings, [4, Lemma XVI.7] facilitate us as; since
1, b, b2, · · · , bt−1, bt are the only divisors of s, therefore let s0 = 1, s1 = b, s2 =
b2, · · · , st = bt = s and by [4, Lemma XVI.7] there exist (basic) irreducible
polynomials f0(x), f1(x), · · · , ft(x) with degrees s0, s1, · · · , st, respectively, such

that we can constitute the Galois rings
Z
pk

[x]

(fi(x))
= GR(pk, si), where 0 ≤ i ≤ t.

As si divides si+1 for all 0 ≤ i ≤ t, so by [4, Lemma XVI.7], there is a chain
GR(pk, s0) ⊂ GR(pk, s1) ⊂ GR(pk, s2) ⊂ · · · ⊂ GR(pk, st) of Galois rings.
Again by the same argument GF (p, s0) ⊂ GF (p, s1) ⊂ GF (p, s2) ⊂ · · · ⊂
GF (p, st) is the respective chain of Galois fields. Other examples of finite local
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commutative rings may also be considered in strengthening the argument, for
instance the local ring Z2[i] consisting on four elements and hence a copy of the
local ring Z4.

In this study we assume that (A0,M0) ⊆ (A1,M1) ⊆ · · · ⊆ (At−1,Mt−1) ⊆
(At,Mt) = (A,M), where t is a positive integer, is a chain of local rings with
corresponding multiplicative groups A∗

i of units, where 0 ≤ i ≤ t. Now, this
study extend the work contained in [2] with a construction technique of a matrix

Mi =











αi1 αi2 · · · αini

α2
i1 α2

i2 · · · α2
ini

...
...

. . .
...

αki
i1 αki

i2 · · · αki
ini











(2)

based on the vector ηi = (αi1, αi2, · · · , αini
), with αib, for 1 ≤ b ≤ ni, are

distinct units in the ring Ai such that 1− αij , for 1 ≤ j ≤ lj, for each i, where
0 ≤ i ≤ t, are units. By this, one can obtain the McCoy rank of the matrices
Mi, where 0 ≤ i ≤ t. However the findings of these type of units is linked with
the multiplicative group A∗

i of units of the ring Ai, where 0 ≤ i ≤ t.

2. Preliminaries

We start by giving a brief introduction of essentials of polynomial rings which
are necessary for proceeding this study. All rings are supposed to be commu-
tative possessing an identity element 1.

Assume that (A,M) is a finite unitary local commutative ring and residue
field K = A

M
∼= GF (pm), where p is a prime integer, m a positive integer.

The natural projection π : A[x] → K[x] is defined by π(a(x)) = a(x), i.e.,
π(
∑n

i=0 aix
i) =

∑n
i=0 aix

i, where ai = ai + M for i = 0, · · · , n. Thus, the
natural ring morphism A → K is simply the restriction of π to the constant
polynomials.

In the following we recall some definitions and results from [4] for the sake
of quick reference.

Definition 1. Let a(x) be a polynomial in A[x]. We say that

1. a(x) is unit if there exists a polynomial b(x) ∈ A[x] such that a(x)b(x) = 1.

2. a(x) 6= 0 is zero divisor if there exists a polynomial b(x) ∈ A[x]\{0} such
that a(x)b(x) = 0.
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3. a(x) is regular if a(x) is not a zero divisor.

4. a(x) is irreducible if a(x) is not a unit and if a(x) = a1(x)a2(x), then
either a1(x) is a unit or a2(x) is a unit.

Theorem 1. (see [4, Theorem XIII.2]) Let (A,M) be a local ring and
a(x) =

∑n
i=0 aix

i ∈ A[x]. The following assertions are equivalent:

1. a(x) is regular.

2. < a1, a2, · · · , an >= A.

3. ai is a unit for some i, for 0 ≤ i ≤ n.

4. π(a(x)) 6= 0.

Theorem 2. (see [4, Theorem XV.1]) Let (A,M) be a local ring and
a(x) be a regular polynomial in A[x] such that π(a(x)) has a simple (i. e., non
multiple) zero ᾱ in K. Then a(x) has one and only one zero α with π(α) = ᾱ.

Theorem 3. (see [4, Theorem XIII.7]) Let (A,M) be a local ring and
a(x) is regular polynomial in A[x] such that π(a(x)) is irreducible in K[x]. Then
a(x) is irreducible in A[x].

3. Chain of Finite Local Rings and McCoy Ranks

For a finite local commutative ring (A,M) there are possibilities that either it
is local having no proper local subring or it has an ascending chain of local sub-
rings. In this study we assume (A0,M0) ⊆ (A1,M1) ⊆ · · · ⊆ (At−1,Mt−1) ⊆
(At,Mt) = (A,M), where t is a positive integer, be the chain of local rings
with corresponding multiplicative group of units of A∗

i , where 0 ≤ i ≤ t. It
follows that A∗

i is an Abelian group for each i, where 0 ≤ i ≤ t, and therefore it
can be expressed as a direct product of cyclic groups. We are interested in the
maximal cyclic subgroup of A∗

i for each i, where 0 ≤ i ≤ t, hereafter denoted
by Gsi , whose elements are the roots of Xsi − 1 for some positive integer si
such that gcd(p, si) = 1. We also assume that corresponding residue fields are
Ki =

Ai

Mi

∼= GF (pmi), where p is a prime integer, mi ∈ Z
+ and 0 ≤ i ≤ t.

The following theorem is a direct consequence of [4, Theorem XVIII.2].
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Theorem 4. (see [2, Theorem 4]) There is only one maximal cyclic sub-
group of A∗ having order s = pm − 1, which is relatively prime to p.

The following extends [2, Theorem 4] and it follows by Theorem 4.

Theorem 5. Let

(A0,M0) ⊆ (A1,M1) ⊆ · · · ⊆ (At−1,Mt−1) ⊆ (At,Mt) = (A,M),

where t is a positive integer, be a chain of local rings with corresponding multi-
plicative groups of units A∗

i , where 0 ≤ i ≤ t. Then there is only one maximal
cyclic subgroup Gsi of A∗

i with order si = pmi − 1, relatively prime to p, for
each i, where 0 ≤ i ≤ t.

The next two theorems provide a base for the construction of Gs and indi-
cate a method for generating this cyclic subgroup.

Theorem 6. (see [2, Theorem 5]) Suppose that α generates a cyclic
subgroup of order s (divisor of pm − 1) in A∗. Then xs − 1 can be factored as
xs − 1 = (x− α)(x− α2) · · · (x− αs) if and only if with ᾱ has order s in K

∗.

The following extends [2, Theorem 5].

Theorem 7. Let

(A0,M0) ⊆ (A1,M1) ⊆ · · · ⊆ (At−1,Mt−1) ⊆ (At,Mt) = (A,M),

where t is a positive integer, be a chain of local rings with corresponding mul-
tiplicative groups of units A∗

i , where 0 ≤ i ≤ t. Suppose that αi generates a
cyclic subgroup of order si (divisor of p

mi −1) in A∗
i for each i, where 0 ≤ i ≤ t.

Then xsi − 1 can be factored as xsi − 1 = (x− αi)(x − α2
i ) · · · (x − αsi

i ) if and
only if with ᾱi has order si, in K

∗
i for each i, where 0 ≤ i ≤ t.

Corollary 1. (see [2, Corollary 1]) If h(x) divides xs−1 and has coefficients
in A, then h(x) can be factored over Gs as h(x) = (x−αe1)(x−αe2) · · · (x−αel)
if and only if h̄(x) can be factored as h̄(x) = (x− ᾱe1)(x− ᾱe2) · · · (x− ᾱel) over
the field K.

Any polynomial hi(x) which is a divisor of xsi − 1, where 0 ≤ i ≤ t,
can be factored uniquely over K

∗
i . It follows from above Theorem 7 that the
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factorization of hi(x) over Gsi for each i, where 0 ≤ i ≤ t, is also unique. This
is stated in the following corollary.

The following extends [2, Corollary 1].

Corollary 2. Let

(A0,M0) ⊆ (A1,M1) ⊆ · · · ⊆ (At−1,Mt−1) ⊆ (At,Mt) = (A,M),

where t is a positive integer, be a chain of local rings with corresponding multi-
plicative groups of units A∗

i , where 0 ≤ i ≤ t. Let hi(x) divides x
si − 1 and has

coefficients in Ai can be factored over Gsi as hi(x) = (x−αe1
i )(x−αe2

i ) · · · (x−
α
el
i ) if and only if h̄i(x) can be factored as h̄i(x) = (x−ᾱe1

i )(x−ᾱe2
i ) · · · (x−ᾱ

el
i )

over the field Ki for each i, where 0 ≤ i ≤ t.

Theorem 8. (see [2, Theorem 6]) Suppose ᾱ generates a cyclic subgroup
of order s (divisor of pm − 1) in K

∗. Then α generates a cyclic subgroup of
order sd in A∗, where d ∈ Z

+ and α generates the cyclic subgroup Gs of A∗.

Theorem 9. (see [2, Theorem 7]) Let α be an element of Gs of order s.
Then the differences αl1 − αl2 are units in A if 0 ≤ l1 6= l2 ≤ s− 1.

The following extend [2, Theorem 6].

Theorem 10. Let

(A0,M0) ⊆ (A1,M1) ⊆ · · · ⊆ (At−1,Mt−1) ⊆ (At,Mt) = (A,M),

where t is a positive integer, be a chain of local rings with corresponding mul-
tiplicative groups of units A∗

i , where 0 ≤ i ≤ t. Suppose ᾱi generates a cyclic
subgroup of order si (divisor of p

mi − 1) in K
∗
i . Then αi generates a cyclic sub-

group of order sidi in A∗
i , where di ∈ Z

+ and αi generates the cyclic subgroup
Gsi of A

∗
i for each i, where 0 ≤ i ≤ t.

The following generalizes [2, Theorem 7].

Theorem 11. Let (A0,M0) ⊆ (A1,M1) ⊆ · · · ⊆ (At−1,Mt−1) ⊆
(At,Mt) = (A,M), where t is a positive integer, be a chain of local rings
with corresponding multiplicative groups of units A∗

i , where 0 ≤ i ≤ t. Let αi

be an element of Gsi of order si. Then the differences α
li1
i − α

li2
i are units in

Ai if 0 ≤ li1 6= li2 ≤ si − 1 for each i, where 0 ≤ i ≤ t.
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By Theorem 11, for each i, where 0 ≤ i ≤ t, we obtained that the McCoy
rank of the matrix Mi in Equation (2), where ηi = (αi1, αi2, · · · , αin) and its
power generate the rows ofMi, which is ri = min{m,n}, as any ri×ri submatrix
of Mi is Vandermonde.

Example 1. Let (A0,M0) ⊆ (A1,M1) be a chain of local rings with
corresponding multiplicative groups of units A∗

i , for i = 0, 1, where A1 = Z52

and A2 = Z53 . Thus, A∗
0 has only one maximal cyclic subgroup, whose order

is 4, which we denote it by G0, and A∗
1 has only one maximal cyclic subgroup,

whose order is 4, which we denote it by G1. The elements α = 7 ∈ A0 and
β = 57 ∈ A1 have order 4 and generate G0 and G1, respectively. Letting
η0 = (α2, α, α3), η1 = (β, β3, β2) and m = 2, the matrices

M0 =

[

α2 α α3

1 α2 α2

]

and M1 =

[

β β3 β2

β2 β2 1

]

have McCoy ranks equal to 2.

4. Applications

Linear codes over finite rings had been discussed in a series of papers initiated
by Blake [8], [9], and Spiegel [5], [6]. The more notable development, neverthe-
less, began by Forney et al. [7] or Hammons et al. [3], and stated a method for
some non linear binary codes with good error correcting capabilities, and can
be viewed, through a Gray map, as linear codes over Z4. However, the structure
of the multiplicative group of unit elements of certain local finite rings have re-
cently raised a great interest for their successful application in algebraic coding
theory. Shankar [10] has constructed BCH codes over finite rings Zm, where m
is a positive integer. Andrade and Palazzo [1] have further constructed BCH
codes over finite commutative rings with identity. Both construction techniques
have been addressed from the point of view of specifying a cyclic subgroup of
the group of units of an extension ring of finite rings. The core of the problem
is the factorization of xs−1 over the group of units of the appropriate extension
ring.

In this section, we present an application involving the multiplicative group
R∗

i in coding theory. With the assumption that (A0,M0) ⊆ (A1,M1) ⊆ · · · ⊆
(At−1,Mt−1) ⊆ (At,Mt) = (A,M), where t is a positive integer, is a chain of
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local rings with corresponding multiplicative groups of units A∗
i , where 0 ≤ i ≤

t.
First we establish some notation. If fi(x) is a monic polynomial of degree

hi in Ai[x] such that πi(fi(x)) is irreducible in Ki[x], it follows that fi(x) is also
irreducible in Ai[x], by [4, Theorem XIII.7]. The ringRi is a finite commutative
local factor ring of a monoid ring whose maximal ideal is Mi2 = Mi1

(fi(x))
, where

Mi1 = (Mi, fi(x)) and the residue field Ki1 = Ri

Mi2
≃ Ai[x]

(Mi,fi(x))
≃ Ki[x]

(πi(fi(x)))
≃

GF (pmihi), and K
∗
i1 is the multiplicative group of Ki1 whose order is si =

pmihi − 1 for each i, where 0 ≤ i ≤ t.
Now, let R∗

i denotes the multiplicative group of units of Ri for each i,
where 0 ≤ i ≤ t. It follows that R∗

i is an Abelian group, and therefore it can
be expressed as a direct product of cyclic groups for each i, where 0 ≤ i ≤ t.
We are interested in the maximal cyclic subgroup of R∗

i , hereafter denoted by
Gsi , whose elements are the roots of Xsi − 1 for some positive integer si such
that gcd(p, si) = 1. There is only one maximal cyclic subgroup of R∗

i having
order si for each i, where 0 ≤ i ≤ t, see [4, Theorem XVIII.2].

Definition 2. A shortened BCH code C(ni, ηi) over B of length ni ≤ si
for each i, where 0 ≤ i ≤ t, has parity check matrix

Hi =











αi1 αi2 · · · αin

α2
i1 α2

i2 · · · α2
in

...
...

. . .
...

α2ai
i1 α2ai

i2 · · · α2ai
in











for some ai ≥ 1, where ηi = (αi1, αi2, · · · , αin) is the locator vector, consisting
of distinct elements of Gsi . The code C(ni, ηi), with ni = si, will be known as
a BCH code. In this case ηi is unique up to permutation of coordinates.

Thus a codeword ci = (ci1, ci2, · · · , cini
) ∈ Ai is in C(ni, ηi) if and only if it

satisfies the following parity-check equations over Ri for each i, where 0 ≤ i ≤ t,

ni
∑

j=1

ciα
l
ij = 0, for l = 1, 2, · · · , 2ai. (3)

For l ≥ 1, each parity-check equation in Equation (3) translates into hi
equations over the ring Ai for each i, where 0 ≤ i ≤ t. A parity-check matrix
Hi with elements over Ai can be obtained by replacing each element of Hi by
the corresponding column vector of length hi over Ai. It is possible to obtain
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an estimate of d (minimum hamming distance) directly from the parity-check
matrix.

Theorem 12. (see [2, Theorem 8]) The minimum Hamming distance d of
a BCH code C(n, η) is d ≥ 2a+ 1, i.e., this code correct up to a errors.

Theorem 13. Let (A0,M0) ⊆ (A1,M1) ⊆ · · · ⊆ (At−1,Mt−1) ⊆
(At,Mt) = (A,M), where t is a positive integer, be a chain of local rings
with corresponding multiplicative groups of units A∗

i , where 0 ≤ i ≤ t. The
minimum Hamming distance di of a BCH code C(ni, ηi) is di ≥ 2ai + 1, i.e.,
this code correct up to ai errors for each i, where 0 ≤ i ≤ t.

Proof. Follows by [2, Theorem 8].

Example 2. Let (A0 = Z2[i],M0) ⊆ (A1 = Z4[i],M1) be a chain of local

rings with corresponding residue fields K0 = Z2[i]
M0

≃ Z2 and K1 = Z4[i]
M1

≃ Z2,

respectively. The polynomial f(x) = x3 + x+ 1 ∈ A0[x] (in A1[x]) is such that
µ(f(x)) is irreducible over Z2. By Theorem 3, f(x) is irreducible over Ai, for

i = 0, 1. Next, construct the rings R0 = A0[x]
<f(x)> and R1 = A0[x]

<f(x)> , and its

residue fields K00 = K0[x]
<µ(f(x))> and K11 = K1[x]

<µ(f(x))> , whose order is 23 = 8. By

Theorem 5, R∗
i , for i = 0, 1 has only maximal cyclic subgroup whose order is

23 − 1 = 7, denoted by Gsi , for i = 0, 1. But the elements α and β such that
f(α) = f(β) = 0 have orders 7 in R∗

i , for i = 0, 1. Letting η0 = (α,α3, α2, α5),
η1 = (β2, β, β3, β4) and ai = 1, for i = 0, 1, the matrices Mi, for i = 0, 1 are
given by

M0 =

[

α α3 α2 α5

α2 α6 α4 α3

]

and M1 =

[

β2 β β3 β4

β4 β2 β6 β

]

have McCoy ranks equal to 2. Therefore, Mi, for i = 0, 1, is the parity-check
matrix of a shortened BCH code of length 4 over the ring Ai, for i = 0, 1, such
that its minimum Hamming distance is 3. Thus, these codes corrects all errors
of Hamming weight 1.
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